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One of the most widespread methods to determine if a quantum state is entangled, or to quan-
tify its entanglement dimensionality, is by measuring its fidelity with respect to a pure state. In
this Letter we find a large class of states whose entanglement cannot be detected in this manner;
we call them unfaithful. We find that unfaithful states are ubiquitous in information theory. For
small dimensions, we check numerically that most bipartite states are both entangled and unfaith-
ful. Similarly, numerical searches in low dimensions show that most pure entangled states remain
entangled but become unfaithful when a certain amount of white noise is added. We also find that
faithfulness can be self-activated, i.e., there exist instances of unfaithful states whose tensor powers
are faithful. To explore how the fidelity approach limits the quantification of entanglement dimen-
sionality, we generalize the notion of an unfaithful state to that of a D-unfaithful state, one that
cannot be certified as D-dimensionally entangled by measuring its fidelity with respect to a pure
state. For describing such states, we additionally introduce a hierarchy of semidefinite programming
relaxations that fully characterizes the set of states of Schmidt rank at most D.
Entanglement is a fundamental aspect of quantum in-
formation and one of the key dividing factors between
the quantum and the classical worlds. This is shown by
the wide range of protocols, such as teleportation [1],
device independent quantum key distribution [2–4], one-
way quantum computation [5], and metrology [6, 7], in
which it is a necessary resource. The amount of entan-
glement, which can be quantified, for example, by the
entanglement dimension, is an important factor for appli-
cations [8–16]. A larger entanglement dimension allows,
for instance, for the encoding of information in a larger
number of entangled degrees of freedom and can improve
the tolerance to noise in cryptographic protocols [17, 18].
As entanglement is such a useful resource, it is impor-
tant to have experimental and theoretical tools to detect
it [19, 20], and for these to correctly identify entangle-
ment even in noisy states. Perhaps the most commonly
used method to detect entanglement is via linear wit-
nesses, but their characterization has been proven a hard
problem [21, 22], even though there are some general
methods to tackle it [23–25]. The situation is substan-
tially harder still when we want to detect the entangle-
ment dimension of a state, as a practical characterization
of the D-positive maps necessary for this task is still miss-
ing (note that one of the methods for entanglement quan-
tification proposed in [26] can be used to characterize D-
positive maps, but at a prohibitive computational cost).
In part due to these difficulties, it is common practice
to detect the entanglement or entanglement dimension
of a state via its fidelity with respect to a pure reference
state [27–30]. The question we address in this Letter
is whether such a method misses out many instances of
entangled states and, if so, what properties these states
have. In addition, we address these questions also for the
detection of multi-dimensional entanglement.
We find, surprisingly, that almost no bipartite entan-
gled states can be detected via fidelities with pure states.
We call such states unfaithful. Using a simple semidefi-
nite programming (SDP) ansatz [31] of unfaithful states,
we prove that even states as innocent as a mixture be-
tween a pure entangled state and the maximally mixed
state can be unfaithful. We also show that faithfulness
can be self-activated, namely, there exist unfaithful states
whose bipartite entanglement can be detected via fideli-
ties when taking their tensor power. Going beyond sep-
arability, we extend the concept of unfaithful states to
those states whose entanglement dimension cannot be
certified with fidelity witnesses. Lacking efficient gen-
eral tools to determine their entanglement dimension, we
introduce a complete hierarchy of semidefinite program-
ming relaxations of the set of all states with Schmidt rank
at most D.
Definitions. A bipartite state ρAB is separable if
there exists a probability distribution {pi}i and states
{|ψi〉 , |φi〉}i such that
ρAB =
∑
i
pi |ψi〉〈ψi|A ⊗ |φi〉〈φi|B . (1)
Otherwise, ρAB is said to be entangled. We denote the
set of separable quantum states by S.
The usefulness of a state for many information process-
ing tasks is closely related to its entanglement dimension-
ality. A mixed bipartite state ρAB is said to have Schmidt
rank at most D [32] if there exists a decomposition
ρAB =
∑
pi |ψi〉〈ψi|AB , (2)
with pi ≥ 0,
∑
i pi = 1 and all |ψi〉 have Schmidt
rank at most D, i.e., we can write each |ψi〉 as
|ψi〉 =
∑D
j=1
√
λj(|ψi〉) |φj〉A |ξj〉B , where (
√
λj(|ψi〉))j
are called the Schmidt coefficients of |ψi〉 and {|φj〉}j and
{|ξj〉}j are sets of orthonormal vectors. We denote by SD
the set of all such states ρAB . Note that all these sets
are convex, S1 = S, and SD ⊆ SD+1. If ρAB 6∈ SD−1,
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2we say that ρAB is D-dimensionally entangled. If, addi-
tionally, ρAB ∈ SD we say that it has Schmidt rank D.
Tying this back to the definition of simple entanglement,
all entangled states are 2-entangled, and have Schmidt
rank at least 2.
An entanglement witness W is a Hermitian operator
with the property that tr[WσAB ] ≥ 0 for all separa-
ble states σAB ∈ S. Hence, a measurement on a state
ρAB having a negative expectation value tr[WρAB ] < 0,
implies that ρAB is entangled. Since S is convex, the
hyperplane separation theorem implies that for any en-
tangled state ρAB there exists a witness W such that
tr[WρAB ] < 0. The same considerations apply when
trying to witness entanglement dimension: for any state
ρAB 6∈ SD−1 there exists a dimension-D-witness WD
such that for all σAB ∈ SD−1, tr[WDσAB ] ≥ 0 and
tr[WDρAB ] < 0. In this terminology, an entanglement
witness is a dimension-2-witness.
One commonly used form of a witness, both for en-
tanglement and D-dimensional entanglement, is the so-
called pure fidelity witness:
WD := F1− |ψW 〉 〈ψW | , (3)
where |ψW 〉 is a fixed entangled state and F a real
number. In order to witness as many entangled states
as possible it is desirable to have F be as small as
possible. The minimum value it can have while still
satisfying tr[WDσAB ] ≥ 0 for all σAB ∈ SD−1 is
minF =
∑D−1
i=1 λi(|ψW 〉) [33], where (
√
λi(|ψW 〉))i are
the Schmidt coefficients in non-increasing order. Such
a witness detects a state ρAB as being D-dimensionally
entangled if 〈ψW | ρAB |ψW 〉 > F . In other words, ρAB is
certified as being D-dimensionally entangled if the over-
lap with the target state |ψW 〉 is big enough. As intuition
suggests, this works well when ρAB is close to the (usually
highly entangled) state |ψW 〉 〈ψW |. However, due to the
frequency with which witnesses of the type of Eq.(3) are
used [27–30], the question naturally arises whether for
some D all D-dimensionally entangled states ρAB can
be certified with such a class of witnesses and, if not,
whether such witnesses are generally useful. The broad-
est interest is in answering the latter question for usual
entanglement, meaning for D = 2.
We say that ρAB is D-unfaithful if it satisfies
tr[WDρAB ] ≥ 0 for all witnesses WD of the form of
Eq.(3), and denote the set of such states by UD. In the
same way as we call 2-entangled states simply entangled
states, 2-unfaithful is referred to as unfaithful. The in-
teresting set of states are those in UD \SD−1, which have
D-dimensional entanglement that cannot be seen with fi-
delities to pure states. The relations between these sets
are shown in Fig.I, in particular, we can see the inclusion
relationships SD−2 ⊆ SD−1 ⊆ UD ⊆ UD+1. Note, how-
ever, that there is no clear relationship between SD and
UD′ for D ≥ D′.
Approximations with semidefinite programming. Our
aim is to analyse which D-dimensionally entangled
1(PPT)ℛ2˜2 (Unfaithful)Ω23
Witness
FIG. I. A schematic picture of the relationship between the
sets of states investigated. The large gap between the pure-
state fidelity witness and S shows how poorly such witnesses
can perform. The three intermediate sets S1, R, and U˜2 are
easier to compute approximations of S (for the first two) and
of U2 (for the latter). All the same objects can be drawn for
D-dimensional entanglement, for clarity, only S2 and U3 are
shown (with stripes). Ω labels the set of all bipartite quantum
states.
states, for some D ≥ 2, are uncertifiable by dimension-
D-witnesses, that is those in (UD \ SD−1)D≥2. We do
this by constructing semidefinite programs that form an
outer approximation of SD−1 (SDP 3) and an inner ap-
proximation of UD (SDP 2).
Let us begin with the former. For the set S1, we are
concerned with detecting whether a state is entangled.
There exist several complete criteria for entanglement
detection (see, e.g., [34]). We use the Doherty-Parrilo-
Spedalieri (DPS) hierarchy [23–25], which is an infinite
nested sequence of sets S1 ⊇ S2 ⊇ S3 ⊇ · · · , with the
property that limk→∞ Sk = S, see Appendix A for a
short description. Furthermore, each of these sets is char-
acterizable via semidefinite programming. This means
that, if ρAB is entangled at all, then there exists an SDP
that will detect this. The first set S1 of the DPS hi-
erarchy is the set of states with positive partial trans-
pose [35, 36], which we call PPT in the following.
Here, we introduce a family of hierarchies of SDPs that
generalizes the DPS criterion to general D by converging
to SD from the outside:
SDP 1. Let σAB be a bipartite state, with local dimen-
sions dA and dB respectively. We say that σAB ∈ SkD, if
there exists a positive semidefinite matrix ω on the sub-
systems AA′B′B such that
ω
D
∈ Sk, Π†DωΠD = σAB
ΠD = 1A ⊗
∣∣ψ+D〉A′B′ ⊗ 1B (4)
where the dimensions of A′ and B′ are both D,∣∣ψ+D〉A′B′ := ∑Dj=1 |j, j〉 is the non-normalized maximally
entangled state in this dimension and the bipartition of
ω relevant for the definition of Sk is AA′|B′B.
Note that the first condition in (B1) implies tr[ω] = D.
For D = 1, SDP 3 coincides with the DPS hierarchy for
3characterising separable states. From the above defini-
tion, it is straightforward that SkD ⊇ Sk+1D and that each
of these sets can be characterized by an SDP. Further-
more, the hierarchy converges, i.e., SD ⊆ SkD for all k,D
and limk→∞ SkD = SD, which we prove in Appendix B.
More precisely, we prove that for any σAB ∈ SkD, there
exists σ˜AB ∈ SD such that ‖σAB − σ˜AB‖1 ≤ O
(
d2D4
k2
)
,
where ‖ · ‖1 is the trace norm and d = min{dA, dB}. For
an implementation of the lowest order of the hierarchy
(B1) in Python, we refer the reader to [37].
A different approach to constructing an SDP that wit-
nesses the entanglement dimension was introduced in
[26]. While both our method and theirs use the DPS
hierarchy as a way approximating the separable set that
is optimized over, their method additionally requires as
many copies of the state as the Schmidt rank being wit-
nessed. This makes our approach greatly more memory
efficient.
For the problem of certifying that a state is in UD we
utilize an inner approximation that can be realized with
an SDP. We do this by defining a new set, U˜D, according
to the following:
SDP 2. Let ρAB be a bipartite state. If there exists µ ∈
[0, 1] and positive semidefinite operators MA, MB such
that
MA ⊗ 1B + 1A ⊗MB ≥ ρAB
µ(D − 1) = tr[MA], µ1−MA ≥ 0,
(1− µ)(D − 1) = tr[MB ], (1− µ)1−MB ≥ 0, (5)
then we say that ρAB ∈ U˜D.
This set is an inner approximation to UD. That is, U˜D ⊆
UD, which we prove in Appendix C.
When D = 2, SDP 2 is a generalization of the reduction
criterion, which states that either 1A ⊗ ρB − ρAB ≥ 0,
or ρA ⊗ 1B − ρAB ≥ 0 holds. For two qubits or a qubit
and a qutrit this is also equivalent to being PPT [38, 39].
We denote by R the set of all states that satisfy the re-
duction criterion. It follows that R ⊆ U˜2 ⊆ U2. That
any reducible state is unfaithful was already proven in
[40]; note however that our findings in Tab.(I) imply that
U˜2 is strictly larger than the set of reducible states, and
therefore a better approximation of U2. An illustration
of SkD,R, and U˜D, along with their relation to the pre-
viously defined sets, is shown in Fig.I.
Most states are unfaithful. Armed with the above two
technical tools, we next argue that entangled unfaithful
states are, in fact, ubiquitous in quantum information
theory. To this end, we sample random bipartite states
according to the Hilbert-Schmidt [41, 42] and the Bu-
res [43] measures. For completeness we briefly describe
these sampling techniques in Appendix D. For bipartite
systems of local dimension d on both subsystems, we find
(with both measures) that the larger d, the larger the
fraction of unfaithful states (see Tab.(I)). In fact, from
d = 3 on, we find that most states are entangled, as de-
tected by them not having a positive partial transpose
(ρAB /∈ S1), and are certified as unfaithful by SDP 2.
From d = 5 on, we find that all states we generated
are entangled but at the same time unfaithful, regardless
of whether we sample according to the Hilbert-Schmidt
or the Bures metric. This highlights the importance of
characterising the entanglement of unfaithful qudit states
beyond relying on fidelity witnesses.
d S1 (HS) U˜2 \ S1 (HS) S1 (B) U˜2 \ S1 (B)
2 24.3% 58.5% 24.2% 21.1%
3 0.01% 99.9% 0.01% 94.5%
4 0% 100% 0% 99.9%
5 0% 100% 0% 100%
TABLE I. Percentage of unfaithful states detected via SDP
2 and the PPT condition when sampling uniformly according
to either the Hilbert-Schmidt metric (HS) or the Bures metric
(B) (sampling 106 points for each dimension in each case). d
denotes the local dimension of each subsystem of the bipartite
system. Note that we are actually interested in U2 \ S ⊇
U˜2 \ S1, which may be even larger.
For D ≥ 2, random sampling suggests that the set
S1D almost exhausts the set of quantum states up to at
least local dimension d = 4. This assertion is based on
sampling 1000 random states in d = 3 (sampled accord-
ing to Hilbert-Schmidt as well as Bures metric), which
were all found to belong to S12 . In d = 4, we found the
same when sampling 1000 real states, see [37] for details
regarding the implementation and recall that the respec-
tive techniques are described in Appendix D. Neverthe-
less, there are states in U˜2\S12 , i.e., states that are at least
3-dimensionally entangled but unfaithful. Constructions
of such states can for instance be found in [44, 45].
For D ≥ 2, there are furthermore examples of states
that are faithful but 3-unfaithful. Consider, for instance,
1
2
|Ψ3〉〈Ψ3|+ 1
2
( |23〉+ |32〉√
2
)( 〈23|+ 〈32|√
2
)
, (6)
where |Ψ3〉 := 1√3 (|00〉+ |11〉+ |22〉). This state belongs
to U˜3 \ (S12 ∪ U2). That is, it is a 3-unfaithful state that
is indeed of Schmidt rank 3, but that is 2-faithful. Note
that for the last claim we cannot use our SDP approxi-
mation because it is inner. However, it is easy to find a
fidelity witness that certifies its entanglement; namely
W2 :=
1
3
1− |Ψ3〉〈Ψ3| .
For the certification of the Schmidt rank as well as the
2-unfaithfulness of the state using SDP 3 (where the first
level of the hierarchy was sufficient) and SDP 2, we refer
the reader to [37].
Noisy pure states are unfaithful. Having established
that most states are unfaithful, we now investigate if
4this holds for states that are commonly used and im-
portant in quantum information. Consider the Bell state
|Ψ2〉 = 1/
√
2(|00〉+|11〉) embedded in a d×d dimensional
bipartite Hilbert space and define the mixed state
ρAB(p) = p
1AB
d2
+ (1− p) |Ψ2〉〈Ψ2| . (7)
For d > 2, there exists a large parameter regime, illus-
trated in Fig.II, where this state is entangled but unfaith-
ful. This is not a specific property of |Ψ2〉: we found nu-
merically (with 106 random Haar-distributed pure states
for each of d = 3, 4, 5) that all pure entangled states are
unfaithful and entangled, for a certain range of white
noise. The only exception we know of is the maximally
entangled state 1/
√
d
∑d−1
i=0 |ii〉 subjected to white noise
in a Hilbert space of dimension d× d.
2 3 4 5 6 7 8 9 10 11 12
0.0
0.2
0.4
0.6
0.8
1.0
dim
p
S
12˜ \ S 1Ω \ 2˜ℛ Boundary
FIG. II. Graph of the unfaithful-but-entangled region of the
family of states ρAB(p) from Eq.(7). Along the x-axis we
display the local dimension d of the Hilbert space, along the
y-axis the proportion of white noise p. The bottom region
of the graph indicates that, as d increases, the ability of fi-
delity witnesses to detect entanglement becomes less tolerant
to noise: the maximal p such that ρAB(p) ∈ Ω \ U˜2 decreases
with d, where Ω denotes the set of all bipartite states and U˜2
is the approximation to U2 defined by SDP 2. At the same
time, the top region shows that, in high dimensions, states
are entangled (as certified by them having a negative partial
transpose, ρAB(p) /∈ S1) even at extremely high noise levels.
Thus in these dimensions states are unfaithful and entangled
in a large parameter regime. To illustrate its difference from
SDP 2, the reducibility criterion is plotted as a dotted line;
only the states above it are reducible. Note that the reducibil-
ity and the PPT boundaries can be computed analytically.
For 3-unfaithfulness, we observe an analogous be-
haviour: the embedded state |Ψ3〉 := 1/
√
3(|00〉+ |11〉+
|22〉) mixed with noise as in Eq.(7) belongs to U˜3 \ S12
(meaning that it is certified to have Schmidt rank 3
but that this cannot be detected with a dimension-3-
witness) for p in the following ranges: in d = 4 for
p ∈ (0.364, 0.449); in d = 5 for p ∈ (0.357, 0.493). In
d = 3, the state becomes 3-unfaithful at the same point
as we cease to certify (using S12 ) that it is 3-dimensionally
entangled.
Faithfulness can be self-activated. Note that, if ρAB
is faithful, then so is ρ⊗nAB . Indeed, recall (from Eq.(3)
and [33]) that for a faithful ρAB there exists a |ψ〉, such
that 〈ψ| ρAB |ψ〉 > λ1(|ψ〉), where
√
λ1(|ψ〉) is the max-
imal Schmidt coefficient of |ψ〉. Then,
〈ψ|⊗n ρ⊗nAB |ψ〉⊗n > λ1(|ψ〉)n = λ1(|ψ〉⊗n), (8)
which implies that λ1(|ψ〉⊗n)−|ψ〉⊗n 〈ψ|⊗n witnesses the
entanglement of ρ⊗nAB . The property of being faithful is
thus preserved under tensor powers. It is therefore natu-
ral to ask if unfaithfulness is also preserved this way, or
if faithfulness can be self-activated.
Such a self-activation effect is impossible for states in
R. Indeed, whenever two matrices satisfy A ≥ B ≥ 0 we
have A⊗A ≥ B ⊗B ≥ 0, so that
ρA ⊗ 1B − ρAB ≥ 0⇒ (ρA ⊗ 1B)⊗n − ρ⊗nAB ≥ 0. (9)
Nevertheless, it is possible to self-activate the faithful-
ness of certain states. Let us introduce the states
|φ1〉 := 0.628 |11〉 − 0.778 |22〉 (10)
|φ2〉 := 0.807 |01〉 − 0.185 |02〉 − 0.102 |10〉 − 0.027 |11〉
+ 0.011 |12〉+ 0.551 |20〉 − 0.024 |21〉 − 0.022 |22〉 .
Then, the state
ρAB := 0.999(0.50179 |φ1〉〈φ1|+0.49821 |φ2〉〈φ2|)+0.0011
9
is unfaithful, but ρ⊗2AB is faithful over the partition A|B.
This is proved, and the witness showing faithfulness
given, in [37]. Thus, fidelity witnesses are sometimes use-
ful, even if a target state is unfaithful.
Conclusion. In this Letter, we have introduced the set
of unfaithful states, namely, those states whose entan-
glement cannot be detected via fidelities to pure states.
We analyzed different properties of such states: their fre-
quency, their robustness and the phenomenon of activa-
tion. As we discovered, the set of unfaithful states is large
and comprises quantum states which are very relevant in
quantum information theory. We argued, based on our
studies for small D, that the sets UD with D > 2 behave
similarly to the unfaithful states. Our work is therefore
to be understood as a warning towards the blind appli-
cation of fidelity-type entanglement witnesses.
While there exist several general methods to detect
entanglement beyond state fidelities, one cannot say the
same regarding the quantification of the entanglement
dimensionality. In this regard, our work also provides
methods to construct general dimension-D-witnesses, by
means of a complete hierarchy of semidefinite programs.
As this hierarchy is substantially more memory efficient
than prior methods, we expect it to play a significant role
in the quantification of entanglement in noisy experimen-
tal setups.
There are, naturally, some open questions about un-
faithful states that could be studied in future work. One
avenue is to extend the results from bipartite entangle-
ment to multi-partite entanglement, which has a much
5richer and more elaborate structure. A different path
is to investigate activation further. We have shown that
some (but not all) unfaithful states become faithful when
we take a tensor power of them; this leads to the hypothe-
sis that for any entangled and unfaithful state, there exist
another unfaithful state such that their tensor product is
faithful. If this is true, then pure-state fidelities could al-
ways detect entanglement provided that we have access
to the correct auxiliary state.
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Appendix A: The Doherty-Parrilo-Spedalieri hierarchy
The Doherty-Parrilo-Spedalieri (DPS) hierarchy [23–25] stems from the following observation: let ρAB be a separable
state, with decomposition
ρAB =
∑
i
pi |φi〉〈φi| ⊗ |ψi〉〈ψi| . (A1)
Then, the states ρAB1...Bk defined by
ρAB1...Bk =
∑
i
pi |φi〉〈φi| ⊗ |ψi〉〈ψi|⊗k (A2)
satisfy:
1. ρAB1...Bk is positive semidefinite and PPT with respect to any bipartition of the systems A,B1, B2, ...Bk.
2. ρAB1...Bk has support on the space HA ⊗ Hk,dBsym , where HA is A’s Hilbert space and Hk,dBsym is the symmetric
space of k dB-dimensional systems, with dB = dim(HB).
3. trB1,...,Bk−1 [ρAB1...Bk ] = ρAB .
For any state ρAB , any state ρAB1...Bk satisfying the three conditions above is called a PPT k-symmetric extension
of ρAB on system B. As we have seen, if ρAB is separable, any such extension must necessarily exist. Conversely, as
proven in [24], if any such extension exists for all natural numbers k, then ρAB can be proven to be separable. Note
that the same considerations apply to extensions on system A, i.e., in principle we could have considered extensions
of the type ρA1,...,AkB . In practice, to save computational resources, one considers extensions of the system with the
smallest dimensionality.
Now, define Sk to be the set of all bipartite states admitting a PPT k-symmetric extension on the subsystem with
the smallest dimensionality. From all the above, it follows that S1 ⊇ S2 ⊇ . . . ⊇ S and limk→∞ Sk = S. Verifying
that ρAB ∈ Sk can be cast as a semidefinite program [31].
Appendix B: Proof of convergence of the semidefinite hierarchy SDP 1
SDP 3. Let σAB be a bipartite state, with local dimensions dA and dB respectively. We say that σAB ∈ SkD, if there
exists a positive semidefinite matrix ω on the subsystems AA′B′B such that
ω
D
∈ Sk, Π†DωΠD = σAB
ΠD = 1A ⊗
∣∣ψ+D〉A′B′ ⊗ 1B (B1)
where the dimensions of A′ and B′ are both D,
∣∣ψ+D〉A′B′ := ∑Dj=1 |j, j〉 is the non-normalized maximally entangled
state in this dimension and the bipartition of ω relevant for the definition of Sk is AA′|B′B.
Note that the first condition in (B1) implies tr[ω] = D.
Proposition 4. limk→∞ SkD = SD. More precisely, for any σAB ∈ SkD, there exists σ˜AB ∈ SD such that
‖σAB − σ˜AB‖1 ≤ O
(
d2D4
k2
)
, where d = min (dA, dB).
6Proof. Let us first show that SD ⊆ SkD for all k. Consider σAB ∈ SD. Note that any normalized pure state
|ψ〉 = ∑Di=1 ci |φi〉 |Φi〉 with Schmidt rank at most D can be written as |ψ〉 = Π†D · (|α〉AA′ |β〉B′B), with
|α〉 =
D∑
i=1
ci |φi〉A |i〉A′ , |β〉 =
D∑
i=1
|i〉B′ |Φi〉B . (B2)
The vector |α〉 |β〉 has norm √D and is separable with respect to the bipartition AA′|B′B. By convexity, we thus
have that any σAB ∈ SD can be expressed as σAB = Π†DωΠD, for some positive semidefinite ω that is separable with
respect to the bipartition AA′|B′B, denoted ω ∈ S, and with tr[ω] = D. Since ω/tr[ω] ∈ S implies ω/tr[ω] ∈ Sk
according to the DPS hierarchy, this implies that σAB ∈ SkD.
To prove the completeness of the hierarchy (B1), we will invoke known results [46, 47] on the finite approximability
of the set of separable states by means of the DPS hierarchy [23–25]. Let σAB ∈ SkD. By [46], we know that there
exists a strictly decreasing sequence (k)k, with limk→∞ k = 0, such that any state ω/D ∈ Sk satisfies
ωsep
D
= (1− k) ω
D
+ k
ω′
D
, (B3)
for some state ω′/D and a separable state ωsep/D ∈ S. More specifically, we have k = O
(
d2D2
k2
)
with d =
min(dA, dB). For σAB = Π
†
DωΠD this implies that
Π†DωsepΠD = (1− k)σAB + kΠ†Dω′ΠD. (B4)
Call λ := tr[Π†DωsepΠD] and define the normalized states σ˜ = Π
†
DωsepΠD/λ, σ
′ = Π†Dω
′ΠD/tr[Π
†
Dω
′ΠD], and the
parameter ′k := ktr[Π
†
Dω
′ΠD]/λ. Since tr[σAB ] = 1, we have that
σ˜ = (1− ′k)σAB + ′kσ′, (B5)
where σ˜ ∈ SD. From the relations tr[ω′] = D and ‖ΠDΠ†D‖∞ = D, it follows that ′k ≤ kD
2
λ . On the other hand, by
Eq.(B4), we have that λ ≥ 1 − k. It follows that ′k ≤ kD
2
1−k . Thus, as k grows, the separation between SkD and SD
tends to zero as O
(
d2D4
k2
)
.
Appendix C: Proof that SDP 2 is an inner approximation to the set of D-unfaithful states
SDP 5. Let ρAB be a bipartite state. If there exists µ ∈ [0, 1] and positive semidefinite operators MA, MB such that
MA ⊗ 1B + 1A ⊗MB ≥ ρAB
µ(D − 1) = tr[MA], µ1−MA ≥ 0,
(1− µ)(D − 1) = tr[MB ], (1− µ)1−MB ≥ 0, (C1)
then we say that ρAB ∈ U˜D.
Proposition 6. U˜D ⊆ UD.
Proof. Let ρAB ∈ U˜D. Then for any pure state |ψ〉 and ΛAB := |ψ〉〈ψ|,
tr[MAΛA] + tr[MBΛB ] ≥ tr[ρABΛAB ], (C2)
which is obtained by multiplying MA ⊗ 1B + 1A ⊗MB ≥ ρAB with ΛAB from the right and taking the trace.
Let ΛA =
∑nA
i=1 λi(|ψ〉) |ψi〉〈ψi| denote the spectral decomposition of ΛA, where (
√
λi(|ψ〉))i are the Schmidt
coefficients of |ψ〉 ordered such that λ1(|ψ〉) ≥ λ2(|ψ〉) ≥ . . . ≥ λnA(|ψ〉) and nA is the Hilbert space dimension of
system A. Then, tr[MAΛA] =
∑nA
i=1 λi(|ψ〉)pi for pi := 〈ψi|MA |ψi〉. Since MA ≥ 0 and µ1 ≥ MA, we have that
0 ≤ pi ≤ µ. Furthermore, we have
µ(D − 1) = tr[MA] =
nA∑
i=1
pi, (C3)
7since {|ψi〉}i is an orthonormal basis. Now, for j ≥ D we have that
rj := pj
∑D−1
i=1 (µ− pi)λi(|ψ〉)∑D−1
k=1 (µ− pk)
− pjλj(|ψ〉) ≥ 0, (C4)
due to the positivity of the pj and the ordering of the λj(|ψ〉). Hence, it follows that
tr[MAΛA] =
nA∑
i=1
λi(|ψ〉)pi ≤
nA∑
i=1
λi(|ψ〉)pi +
nA∑
j=D
rj = µ
D−1∑
i=1
λi(|ψ〉), (C5)
where the last equality follows since
∑nA
j=D rj =
∑D−1
i=1 µλi(|ψ〉) −
∑nA
i=1 λi(|ψ〉)pi, which can be certified with a
straightforward calculation using Eq.(C3).
With an analogous argument for ΛB , we obtain tr[MBΛB ] ≤ (1 − µ)
∑D−1
i=1 λi(|ψ〉). Therefore, the left hand side
of Eq.(C2) is upper bounded as
tr[ρABΛAB ] ≤
D−1∑
i=1
λi(|ψ〉). (C6)
Recall from the main text, that
∑D−1
i=1 λi(|ψ〉) is a lower bound on the fidelity F in a dimension-D-witness F1−|ψ〉〈ψ|.
Since Eq.(C6) holds for any pure state |ψ〉, there does not exist a pure-state fidelity, dimension-D-witness for ρAB .
Appendix D: Sampling quantum states according to various measures
For completeness we provide details regarding the algorithms we used for sampling random states for the numerical
considerations presented in the main text.
Sampling states according to the Hilbert-Schmidt metric
To sample a random state ρAB on an n-dimensional Hilbert space according to the Hilbert-Schmidt metric we proceed
as follows [41, 42].
• Randomly sample two n × n matrices MR and MI by sampling each entry of each matrix from a normal
distribution with mean 0 and variance 1 and consider M = MR + iMI , where i is the imaginary unit.
• Take M ′ = MM†, where † denotes the conjugate transpose.
• Let ρAB = M ′/tr(M ′).
Sampling states according to the Bures metric
To sample a random state ρAB on an n-dimensional Hilbert space according to the Bures metric we follow the following
procedure [43].
• Randomly sample two n × n matrices MR and MI by sampling each entry of each matrix from a normal
distribution with mean 0 and variance 1 and consider M = MR + iMI , where i is the imaginary unit.
• Sample a random n× n unitary matrix U from the Haar measure.
• Take M ′ = (1 + U)MM†(1 + U†), where † denotes the conjugate transpose.
• Let ρAB = M ′/tr(M ′).
Sampling real states
To sample a random real state ρAB on an n-dimensional Hilbert space we used the following procedure. Note that
this is analogous to sampling according to the Hilbert-Schmidt metric but restricted to the real part.
8• Randomly sample an n × n matrix M by sampling each entry from a normal distribution with mean 0 and
variance 1.
• Take M ′ = MMT , where T denotes the transpose.
• Let ρAB = M ′/tr(M ′).
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